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Abstract

This work investigates the existence and non-existence of traveling wave
solutions for Kolmogorov-type delayed lattice reaction-diffusion systems.
Employing the cross iterative technique coupled with the explicit construc-
tion of upper and lower solutions in the theory of quasi-monotone dynami-
cal systems, we can find two threshold speeds ¢* and ¢, with ¢* > ¢, > 0. If
the wave speed is greater than ¢*, then we establish the existence of travel-
ing wave solutions connecting two different equilibria. On the other hand, if
the wave speed is smaller than c,, we further prove the nonexistence result
of traveling wave solutions. Finally, several ecological examples including
one-species, two-species and three-species models with various functional
responses and time delays are presented to illustrate the analytical results.
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1 Introduction

The purpose of this work is to investigate the existence and non-existence of trav-
eling wave solutions for the following Kolmogorov-type delayed lattice reaction-
diffusion systems:

d

aum(t) = dn (Unﬂ',l(t) — 2um(t) + Un,i4+1 (t)) + Un,l(t)fn«ul)t(—Tn)), (11)
for 1 <n < N,t>0and: € Z, where d, > 0 are discrete diffusion coefficients;
fn € CHRY,R) and 7, := (Tp1," + , Tan) is a nonnegative time-delayed vector.

Note that the notation (w;);(—7;,) means
(wi)e(=7n) = (uri(t = Tn1), -+ uni(t — o).

Systems (1.1) describe the dynamics of coupled N layer equations distributed in
one-dimensional lattice. On the nth-layer, the quantity u, ; at the site 7 is linearly
coupled with the nearest sites u,, ;1 and wu,, ;1 of the same layer n and nonlinearly
coupled with all quantities at the same site of all layers through the nonlinearity
Ui (t) fr ((w;)e(—7,)) with spatial homogeneous time delay (7,1, , T ). We
call such systems as discrete diffusive Kolmogorov-type systems. The geometrical
configuration of systems (1.1) can be seen in Figure 1.
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Figure 1: Geometrical configuration of systems (1.1).

Theoretically, we can regard systems (1.1) as the discrete version of the fol-
lowing time-delayed reaction-diffusion systems

0 0*u,,
aun(xat) = d or 2

In many situations, the discrete models can exhibit more complicated and col-
orful dynamics than the continuous models. Moreover, many lattice differential

—2 () Fun(, ) fr(wi (@, t —Tp1), - un(z, t—Ton)). (1.2)



equations have also been proposed as models in various contexts. For examples,
in ecological models, systems (1.1) can describe the dynamical interactions of N
species distributed in the one-dimensional discrete habitat. Then u,; denotes
the population of the n-th species at the habitat ¢+ and the function f,, denotes
the per capita growth rate. Additionally, from the viewpoint of neural network
models, systems (1.1) represent that each cell u,; not only diffusively (locally)
interconnects with its neighbours on the same layer but also coupled with the cells
of other layers. Many applications and mathematical results of neural network
models were established in past years, see e.g. [3,4,9,10,17] and the references
cited therein. Generally speaking, the investigation of dynamics for systems of
lattice differential equations is more difficult than the scalar lattice differential
equations, especially when the nonlinearities do not have monotonic properties.
This gives us the main motivation to study dynamics of lattice differential systems
with more general nonlinearities.

In the past decades, many researchers investigated the dynamics of lattice
differential equations, see e.g. [2,5-8,14,16-20,22,23,27-29,36,37,39,40]. In par-
ticular, the existence of traveling wave solutions for lattice differential systems is
an important and interesting subject which has attracted considerable attentions.
For the related results of traveling wave solutions for lattice differential equations,
we refer the readers to [2,5-8,14,16-20,22,23,27-29,36,39-41] and the references
cited therein. Here we recall some techniques which were widely used in the
mentioned literature. In the works [18, 19,23, 24, 36, 41], the authors used the
same framework to obtain the existence of traveling wave solutions for some dis-
crete reaction-diffusion systems (or continuous reaction-diffusion systems). Their
framework is sketched as follows. First, they transformed the existence problem of
traveling wave solutions as a fixed point problem to a differential operator which
depends mainly on the nonlinear reaction terms. Then, assuming some monotone
conditions for the nonlinearities within suitable partial order, they proved that
the operator is invariant on a nonempty compact set which can be defined by an
admissible pair of upper-lower solution. Finally, they established the existence
results by using the Schauder’s fixed point theorem. According to the framework,
two points are crucial in the investigation. One is to show the invariance of the
differential operator under some quasimonotone condition, and another one is the
construction of a pair of upper-lower solution. To achieve these two points, Wu
and Zou [36,41] first established this framework by assuming the nonlinearities
satisfying the so-called quasimonotone (QM) condition. Then, Huang et al. [19]
extended the quasimonotone condition to the so-called partial quasimonotone
condition (PQM) and use the same framework to show the existence of traveling
wave solutions for some epidemic models, which can not be obtained by Wu and
Zou’s results. Later than [19,36,41], Li et al. [23] further introduced the weak
quasimonotone condition (WQM) for the nonlinearities and proved the existence
of traveling wave solutions for some delayed diffusion-competition systems.

Recently, Hsu and Yang [18] considered the existence of traveling plane wave



solutions of the following systems

d n n n n
%Ui,j(t) = Ln[ui,jKt) +uy () fr (i j (1), (wis)i), (1.3)
where all f,, are C* functions from R*V™! to R, w;;(t) := (uj (1), -, ul;(t)),
Ln[“?g}(ﬂ = dn,lu?—f—l,j(t) + dm?uzj-&-l(t) + dn,3u?—1,j (t) + dnAU?,j—l(t) - dn,Oqu(t)a
(wig)f o= (g (t =70), - w5 (= Tua), uf (= Tugn), - uly (= 7)),

for (i,7) € 7? and 1 < n < N. Here 7; and d; ; are nonnegative real constants
which represent the time delays and coupling coefficients respectively. The func-
tions f, are assumed to be of competitive Lotka-Volterra type. Employing the
cross-iterative method coupled with the explicit construction of a pair of upper-
lower solution, they obtained a speed ¢* and show the existence of traveling plane
wave solutions of (1.3) connecting two different equilibria when the wave speeds
are greater than c*.

Moreover, Lin et al. [24] also considered traveling wave solutions of the fol-
lowing reaction-diffusion systems
2
W = dnaug—g’ﬂ + F,(u(z)), for all t > 0 and = € R, (1.4)
where d, > 0,1 < n < N, u = (u1,---,uy) € RV, F = (F,---,Fy) :
C([-7,0],RY) — R¥ is continuous, and us(x) € C([—7,0],RY) for some 7 > 0
such that u.(z)(0) = w(z,t+0) for 6 € [-7,0], t > 0 and = € R. By introducing
the mixed quasimontone condition, the exponentially mixed quasimonotone con-
dition and employing the Schauder’s fixed point theorem, the authors reduced
the existence problem of traveling wave solutions to that of finding a pair of
admissible upper-lower solution of systems (1.4). Then they applied their re-
sults to obtain the existence of traveling wave solutions for some multi-species
competition, cooperation and predator-prey delayed systems.

Motivated by the literature [18,19,23,24,36,41], in this work, we will consider
the existence of positive traveling wave solutions of (1.1). For convenience, we
first introduce the following notations.

Notation 1.1. Let a := (aj, -+ ,an),b := (b1, -+ ,by) € RY and ®(s) :=
(61, on(5)), U(s) := (Yi(s), -+ ¥n(s)) € C(R,RY).

(1) The notation a = b means a, < b, for all 1 < n < N and the closed
rectangle {u € RN : a < u < b} is denoted by [a, b]. Similarly, the notation
O < U implies (s) < V(s) for all s € R.

(2) Let Co(R,RY) and Cs (R, RY) be the spaces defined by
Cy(R,RY) := {®(5) | ®(s) € C(R,RY) is bounded and uniformly continuous},
Car (R,RY) := {®(s) | ®(s) € Cp(R,RY) with 0 < ®(s) = 3K for all s € R},
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where 3K = (3ky,- -+ ,3ky). Then Cy(R,RY) is a Banach space with the

norm [|®| := SUPscR:1<n<N |Pn(s)].

Throughout this paper, we assume the nonlinearities satisfy the following
assumptions:

(HO) f,(0) > O and f,(K) = 0 for all 1 < n < N, where 0 := (0,---,0)

and K := (ky,---,kn) is a positive constant vector with k; > 0 for j =
1,---,N.
(H1) For any 1 <n < N, f,(x1, -+ ,xy) is strictly decreasing with respect to z,,

on [0,3K]| and monotone with respect to z; for any j # n on [0, 3K],
(H2) For any 1 <n < N, we have

Ofn(X) Ofu(X), Ofu(X),
o~ kot ) o ki< ) 5 kj, for all X € [0,3K],

jel,t jel,

where

LY = {j #n|0fu(X)/0x; > 0 for all X € [0,3K]},
I = {j #n|0fu(X)/0z; < 0 for all X € [0,3K]}.

(H3) maxi<j<,{f;(0)} < mini<;<,{2f;(0)}.

From (HO), we know that 0 and K are equilibria of (1.1). A traveling wave
solution of systems (1.1) is a solution of the form

i) = i+ ct), (1.5)

foralli € Z,t € R and 1 < n < N, where each ¢, € C'(R,R) and ¢ € R is
called the wave speed. Substituting (1.5) into systems (1.1) and using the moving
coordinate s = ¢ + c¢t, we can obtain the following profile equations:

@ (s) = dnL(Pn)() + Gn(s) fu(Ps(—cTn)), (1.6)

where

(I)s<_CTn) = ((bl(s - CTn,1)7 te 7¢N(S - CTn,N))a
L(Dn)(s) == n(s —1) = 20,(s) + Pp(s + 1), foralll <n < N.

Our goal is to find solutions of (1.6) connecting 0 and K, i.e.

Jim (01(s), -+ on() =0 and T (6n(s). -+ on(s) = K. (17

Based on assumptions (H0)~(H2), we can show that the nonlinearities of systems
(1.1) satisfy the so-called exponentially mixed quasimonotone condition (see Def-
inition 2.1 or [24]). Employing the cross iterative technique [19,23,24] combining
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with the explicit form of upper-lower solutions of (1.6), we can establish the
existence of traveling waves satisfying (1.7). Note that there are several ecologi-
cal systems satisfying the assumptions (HO) and (H1). Assumption (H2) can be
rewritten by

Ofn(X Ofn(X 0 fu(X

a;:n Vo > Z ai_j )kj+ Z— a:i,- )kj. (1.8)
J€In jeI,
From the viewpoint of biology, (1.8) means that self-impact of one specie can
dominate other species’ impacts. The condition (H3) is a technical assumption
which can help us to construct a pair of upper-lower solution of (1.6). Here we
illustrate two examples which satisfy the assumptions. If

fi(ur, ug,) =r1 — anuy,; + a12ugy, (1.9)

fa(u i, ug,) = 1o — agous; + a1y 4, (1.10)

then systems (1.1) represent the two species delayed Lotka-Volterra ecological
models, see [18,24]. In addition, if

nu3,;
iy U5, Ug;) = by — Uy — j— —— 1.11
fi(ug s, us;) = by — ur; — au, T o (1.11)
nus,i
i U2, Us;) = by — iUy — T, 1.12
fz(u1, Ug, U3,) 2 BUL Ug, 1+W2u2,i ( )
fa(ui, vz, us;) = bs — yus; + 7, 7. ) (1.13)

I+wsur; 1+ waug,

then systems (1.1) represent the model of one predator-two preys model with
Holling-type II response. In Section 5, we will verify that (1.9)-(1.10) and (1.11)-
(1.13) satisfy assumptions (HO0)-(H3) for certain parameters.

Our main results are stated as follows.

Theorem 1.2. Assume (HO0)~(H3) hold. Then there exist ¢, and ¢* with 0 <
c. < ¢ such that the following statements hold.

(1) For any ¢ > c*, there exists one 0 > 0 (depending on c) such that if
max{7i1, -, TN} <0, then (1.6) has a positive solution satisfying (1.7).

(2) For any ¢ < ¢, (1.6) has no positive solutions satisfying (1.7).

Remark 1.3. (1) To establish a pair of upper-lower solution and prove the non-
linearities satisfying the exponentially mixed quasimonotone condition, we need
small time delays condition in part (1) of Theorem 1.2.

(2) Although we apply the techniques similar to those of [24], there are some
significant differences. In [24], the authors established a pair of upper-lower solu-
tion for three specific models to derive the existence of traveling wave solutions.
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In contrast to their results, we construct a pair of upper-lower solutions of sys-
tems (1.1) explicitly for Kolmogorov-type nonlinearities to obtain the existence
of traveling wave solutions.

(3) Our results can be applied to various ecological models, e.g. the cooper-
ative systems [21], the competitive systems [18] and predator-prey systems, and
so on. Moreover, we also prove that the nonexistence of traveling wave solutions
of systems (1.1) satisfying (1.7) when the wave speeds are smaller than c,.

(4) In [30], the authors considered the existence and non-existence of tran-
sition fronts for a spatially inhomogeneous (with localized inhomogeneity) KPP
equations. The time delay terms considered in our work mimic such a spatially
inhomogeneity as that of [30]. However, due to the general setting of the non-
linearities in our problem, it’s difficult to prove that ¢, = ¢* or explain what
happens between ¢, and ¢*. The main difficulty is that our models are quasi-
monotone systems. Note that the study of transition fronts between ¢, and ¢* is
an interesting and challenging problem, we will continue the investigation.

The remainder of this paper is organized as follows. In Section 2, we first
introduce some definitions and notations. Then we prove that the nonlinearities
of (1.1) satisfy the exponentially mixed quasimonotone condition and establish
the existence of a pair of upper-lower solution. Since the construction of a pair
of upper-lower solution is quite complicated, we put the details in the final ap-
pendix. Next, we define the solution operator for equation (1.6) and examine
their properties in Section 3. Applying the results obtained in Sections 2 and 3,
we use the cross iteration scheme and Schauder’s fixed point theorem in Section
4 to prove our main results. In the final section, we apply our results to several
ecological models.

2 Preliminaries

We first introduce some definitions which will be used in the proof of the main
theorem. Then we show the nonlinearities satisfy the exponentially mixed quasi-
monotone condition, and construct a pair of upper-lower solution of (1.6).

Definition 2.1.

(1) Let I be a subset of {1,2,--- ,N}. Then we denote the function [®|W](s) :=
([2[W1]i(s), -+ [@Ws]n(s)) by

= {0 e

Similarly, if ¥(s) € C(R,R), we also use the notation [®|y](s) to repre-
sent the function (¢1(s), -, on-1(8),¥(8), Pns1(s), -+, dn(5)).



(2) Let B(s) := (¢1(s), -, dn(s)) and B(s) := (d1(s), -, dn(s)) be two func-
tions in Csg (R, RY) which are continuously differentiable except for finitely
many s. The function (®(s), ®(s)) is called a pair of upper-lower solution
of (1.6), respectively, if & < & and the following inequalities hold except
for finitely many s:

e (5) < dnl(Gn) () + du(s) fu (810 )s(—cT0)); (2.1)
e, (8) 2 dul(00)(5) + Ou(s) fu ([01@ -] 5 (—cTn)). (2.2)

(3) The functions f1(-),---, fn() in (1.6) are said to satisfy the exponentially
mixed quasimonotone condition if each f,(z1,--+ ,xN) is monotone with
respect to x; for any j # m and there exist positive numbers 51, e ,BN
such that

PO fu([ @]y ]e(=cTn)) =dn(t) fu(Pe(—cT0))
(e = 2d,) ((t) = da(t)) 2 0, (2.3)

for any ®(t) € Csx(R,RY) and (t) € C(R,R) with 0 < ¢, (t) < (t) <
3k, and ePrt((t) — pn(t)) is nondecreasing in t.

According to Definition 2.1, we have the following result.

Lemma 2.2. Assume (H1) holds. There ezists a7 > 0 such that if 1,,, < 7T for all
1 <n <N, then fi(-), -, fn(-) satisfy the exponentially mized quasimonotone
condition.

Proof. Assume ®(t) = (¢1(t),---, ¢n(t)) € C’gK(R RY), ¢(t) € C(R,R) with
0 < on(t) < P(t) < 3k, and all 66" (V(t) — dnlt )) are nondecreasing in t. We
only have to find some positive numbers 3,,, n = 1,--- | N and 7 such that (2.3)
holds when 7,,,, < 7. To this end, we denote

M, = max {|fu(X)|,|0fn(X)/0x,|}, for n=1,--- N.

0=X=<3K
For each n, it is easy to see that there are positive numbers Bn and 7, such that
By — 2d,, — — 36/3"”""/{ M, >0, for any 7,,, < 7. (2.4)

Then, by Mean Value Theorem, we have

(B = 2da) (W (t) = $u (1)) + (1) ful [Pl )e(—cT0)) = du(t) fu(@e(—cTn))

=(cBn = 2d) (1) = $u(t)) + V() [fa ([ @l py]e(—eTn)) = ful@i(—cT))]+

fn((Pt( n))(w(t) - ¢n(t))
(1) ) 0 fn(&n)
ICE (

(Cﬁn —2d ) ¢(t - @bn(t ) ( ) o, W(t - CTn,n) - ¢n<t - CTn,n)] +
fn<q)t< CTn )(¢ t) - ¢n t)) (2'5)



for some &, € [0,3K] which depends on t. Since e’ (1)(t) — ¢,,(t)) is nondecreas-
ing, it is clear that

Yt = €Tn) = Gult — Tun) < T () = Gal(t)). (2.6)
Then it follows from (2.5) and (2.6) that
(B — 2d3) (W (1) = Gu(1)) + V() fu (@[ ]e(—cT0)) = Gu(8) fu(Pe(—cT))
>(cBy — 2d,, — M, — 3ePne™n ke, M) (00() — ¢ (2)) > 0.
Hence, the assertion follows by taking 7 := min{7,--- ,7n}. ]

Next, we construct a pair of upper-lower solution of (1.6). To this end, we
first define the characteristic functions A, (A, ¢) forn=1,--- | N by

A\ €)= —ch+dp(e™ + e —2) + f,(0). (2.7)
Then the characteristic functions have the following properties.

Lemma 2.3. For anyn =1,--- N, there exists a ¢, > 0 such that the following
statements hold.

(1) If 0 < ¢ < ¢, then A, (X, ¢) has no real roots.

(2) If ¢ > ¢, then A,(X, ) has exactly two positive roots A1, An2 depending
on ¢ such that A\, 1 < A\p2 and

= 0, Zf)\ = >‘n,1 or >\n,27
AN o)L <0, if A1 <A< Ao, (2.8)
> 0, Zf)\ < )\7%1 or A > )\n,2-

Proof. (1) For any n=1,--- , N, let’s define g,()\) by
Gn(N\) i=dn(e™ + e = 2) + £,(0), for all A € [0, 00). (2.9)

Then A, (A, ¢) = —cA + g,(N\). Hence the real roots of A, (), ¢) are equivalent to
the intersection points of the graphs of ¢\ and g, (). Since g,(\) is convex, one
can easily verify that there is some ¢, > 0 such that A, (), ¢) has no root for
¢ < ¢, and has exactly two positive roots A, 1 and A, 5 satisfying (2.8) for ¢ > c¢,.

(2) Since A, (A, ¢) is convex with respect to A, the result follows from the proof
of part (1). O

Lemma 2.4. There exists a ¢y > max{cy,---,cy} such that

N
n, (Ansmin{ A1 + Ars, -, Aua + Ana, Ang}) (2.10)

n—

1s a non-empty set, where c,, are defined in Lemma 2.3.
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Proof. For convenience, we relabel the indices of the nonlinearities such that

£a(0) > fuir(0) and dys < dy i £,(0) = fria(0) (2.11)
for any 1 <n < N — 1. By (H3) and (2.11), we have
£1(0) = max {f;(0)} < min {2f;(0)} = 2fx(0). (2.12)

Moreover, it is easy to see that

lim A\,; =0 and lim A, = oo. (2.13)

c—00 c—00

We first claim that if ¢ is large enough then
min{2)\171, ceey 2)\]\[71} > max{)\lyl, ceey >\N,1}- (214)

Since h(A) := d(e™* —2+¢€*) is a convex function and A, is the first intersection
point of A(A) and the line ¢, there exists a ¢; > 0 such that A\,1 > A4 for
any 1 <n < N —1 and ¢ > ¢;. Then, for ¢ > ¢4, it follows that

max{)\ml, s 7>\N,1} = )\1’1 and min{/\n,l, e 7)\N,1} = )\N,l- (215)
Moreover, by (2.12) and (2.13), we can find a ¢, > ¢; such that if ¢ > ¢ then
di(e7M =2+ M) — 2dy (e — 24 M) < 2fy(0) — £1(0).

Thus we have

di(e™ =24 M) + f1(0)  2dy(e N1 — 24 V1) 4 2fy(0)
<

Arg = = 2N
c c
(2.16)
for ¢ > ¢. Hence the claim follows from (2.15) and (2.16).
By (2.13), there also exists a ¢y > max{¢, ¢} such that if ¢ > ¢q then
max{)\ml + /\171, s 7/\n,1 + )\N,l} < )\”727 for all 1 <n<N. (217)

Then (2.17) and (2.14) imply that

min{A, 1 + A1, s A1 F AN Ape ) =min{ A1+ A, A+ AN}
Z min{2)\1,1, ey, 2)\]\/’1}
> maX{)\lyl, SR )\N,l}-

Therefore, the set in (2.10) is non-empty. The proof is complete. H
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According to Lemma 2.3, we denote the functions (1) = (o1(t), -+, on(1))
and ®(t) = (¢1(t), -+, on(t)) by

. €>\n’1t _ qe77>"n,1t7 lft < tn;
On(t) = { ki — (kn = Z2)e™ i > 1, 2
R eMit 4 gl et ift <t

n t) = e ’ 1 - >
¢ ( ) { kn + kne*'ﬂt’ if t Z tna ( 9)

where ¢, 1, m,, 0, K, 7, t, and t, are constants which will be decided in Appendix
A. The graphs of each component of ®(¢) and ®(t) are illustrated in Figure ?7.

If ¢ is large enough then we can show that (®,,(¢), ®(t)) is a pair of upper-lower
solution of (1.6).

Lemma 2.5. There exist positive constants ¢, p1,--- , By, 7" with each [, > B
such that if ¢ > ¢ and T,,, < 7 for all 1 < n < N then (®(t), ®(t)) forms a pair
of upper-lower solution of (1.6) and e®**(¢,(t) — ¢n(t)) is nondecreasing in t.

Proof. Since the proof requires many tedious computations, we put the details in
Appendix A. m

Remark 2.6. (1) The main motivation for constructing the upper-lower solution
of (1.6) arises from the work [16]. The authors of [16] considered the existence of
traveling wave solutions for some scalar quasimonotone lattice dynamical systems
by using the monotone iteration method combining with a pair of upper-lower
solution. Different to (2.18) and (2.19), they constructed the upper and lower
solutions in the form

et it >0, 0 it >,
U(s) = and L(t) = (2.20)
zte’ if ¢t <0, C(1 — het)e if ¢ < s,

where 0 and x* are equilibria, to < 0 and o,(, h, e are positive constants. Note
that, for large t, U(t) and L(t) equal to the equilibria = and 0 respectively.
Unfortunately, since the nonlinearities of (1.1) are not quasimonotonic, we can
not apply (2.20) directly to our problem. Therefore, by Lemmas 2.3 and 2.4, we
modify the functions in (2.20) for large t into the form (2.18) and (2.19). Roughly
speaking, we assume the upper and lower solutions have exponential decay rates
for large |t|. It’s not difficult to verify (®,(t), ®(t)) satisfy the inequalities (2.1)
and (2.2) when |t| is large enough. However, due to the non-quasimonotonicity of
the systems, we have to adjust the corresponding parameters carefully to ensure
(D, (1), D(t)) satisfy the inequalities (2.1) and (2.2) whent € [t,,t,] (see Appendiz
A.1-A.4). In fact, in our previous work [18], we also used such functions (2.18)
and (2.19) to obtain the existence of traveling plane wave solutions of delayed
lattice differential systems in competitive Lotka-Volterra type.

(2) Since (3, > B, for all n, from Lemma 2.2, it is easy to see that
V() ful[R[Ygny]e(—eT0)) = On () fu(Pe(—cTn)) + (cBn — 2d5) (¥ (L) — dn(t)) > 0,
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for any ®(t) € O3 (R, RY), () € C(R,R) with 0 < ¢,(t) < ¥(t) < 3k, and
ePrt(h(t) — ¢, (t)) is nondecreasing in t.

3 Properties of Solution Operator

To prove the existence of traveling wave solutions by Schauder’s fixed point the-
orem, in this section we define the solution operator of the profile equations (1.6)
and investigate its properties.

First, we denote the operators H(®)(s) = (H1(P)(s), -, Hy(P)(s)) and
G(®)(s) = (G1(®)(s), -+, Gn(®)(s)) on Csx (R, RY) by

FA(®)(5) 1= {duL(62)(5) + 60(5) Ful@ul—eT) } + Buiuls),

Gn(P)(s) := 6_6"5/_ P 1, (®)(2)dz,

[e.e]

where s € R, 1 < n < N, ®(s) = (¢1(8), -+, on(s)) € C3x(R,RY) and all 3,
are the numbers defined in Lemma 2.5. It is clear that the profile equations (1.6)
can be rewritten in the form

On(8) + Butn(s) — Ha(P)(s) =0

for each n, and any fixed point of the operator G is a solution of (1.6). Moreover,
let (@, (s)®(s)) be the pair of upper-lower solution (1.6) defined by Lemma 2.5,
then it’s easy to verify that

: (3.1)
(3.2)

Some essential properties of the operator G(-) are established in the sequel.

Lemma 3.1. Let ¢ > 0 be fized. Then the operator G(-) is continuous on
Csic (R, RY) with respect to the sup-norm || - ||.

Proof. First, we claim that G(®)(s) € Cy(R,R"Y) for all ®(s) € Cz3x(R,RY).
According to the definition of G(®)(s), it is obvious that G(®)(s) is bounded.
Therefore, we only need to prove that G(®)(s) is uniformly continuous.

For any 1 <n < N and s,h € R, we have
Gn(®@)(s + h) = Gu(P)(s)]
s+h s
—|e Pnlsth) / e H,(®)(2)dz — 6_’8"8/ e H,(®)(2)dz|.

[e.e] —00
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If h <0 then

s+h §
e Bn(s0) / e M, (D) (2)dz — e / " H,(®)(2)dz|

s+h

<(e=fh _ 1) / 8 =), (®)(2)|d + / A= L (0)(2)|dz. (3.3)
—0o0 s+h

Note that there is some M > 0 such that |H,(®)(s)| < M foralls e R, 1 <n <N

and ®(s) € C3x (R, RY). Therefore, (3.3) implies that each G,,(®)(s) is uniformly

continuous on R. Similarly, if A > 0, we can also obtain the same result. Hence,

all G,,(P)(s) are uniformly continuous.

Next, we show that G(-) is continuous. Let ®(s) = (¢1(s), -+, dn(s)), Y(s) =
(1(s), - ,Un(s)) € Oz (R, RY). It is easy to see that

[H@) =~ HW)| = sw_ |H(B)) ~ H(D)(s) (3.4
< ?uP |Pn(5) fn (‘I)s(_c'rn)) ;¢n(3)fn (\Ijs(_CTn)N (3.5)
F (Mg v (3:5)

By the continuity of f, and the compactness of [0,3K], all f, are uniformly
continuous on [0,3K]. Therefore, by (3.4), the operator H(-) is continuous.
Since

IG(®) = G(P)[[ = sup [Gn(D)(s) — Gu(¥)(s)|

seR;1<n<N

< sup e P / 7 H, () (2) — H, () (2)|d=
seR;1<n<N —00

s

< sup  [Ha(®) = H, ()] / e i)

seR;1<n<N —00
1
< _ _
<(max 2)IH (@) — H(D)],
one can see that G(+) is also continuous. The proof is complete. ]

Next, let I'(®, ®) be the set of functions ®(s) = (¢1(s),--- , dn(s)) satisfying
the following two properties:

(1) ®(s) € C3x(R,RN) with & < & < P;

(2) €%5[ () — dn(s)] and €5, (s) — dn(s)] are both nondecreasing for 1 <
n < N.

Note that (®(s), (i?(s)) is a pair of upper-lower solution of (1.6). Some properties
of G,,(+) on I'(®, @) are further illustrated in the following lemmas.

13



Lemma 3.2. Let ¢ > 0 and ®(s) € D[, ®] be fized. Then we have
On(5) < Gal®[D; ](s) < Gu(@)(5) < Gul®[D](s) < (s), (3.7)
foranys € R and1 <n < N.

Proof. We only prove G, (®)(s) < Gn[ci)@m](s) < ¢n(s) for any s € R and
1 < n < N. For the remainder part of (3.7), one can also prove it by the same
arguments. By the definition of G(+) and inequality (3.1), we can obtain

Gl )(s) = e L [B]B,(2) dz
<ot / " (=) + Bada(2)) dz = Buls).
To prove G, (®)(s) < G,[®|®, -]
H,(®

By direct computations, we have

CH, ([8]®,.1)(s) — cH, (®)(s)

—dL(60)(5) + () Ju (811 (—eT,)) + cBudn(s) — dul(r)(s)—
On()fu(Bu(—cT,)) — cBudi(s)

>60(8) (1912 1u(=7)) = () (11D (D))o (—T)) = () o (@ —c7,))
T ¢n<s>fn([<i>|<1>I;|<¢n>{n}15<—m>) T (cfn — 2,)(Bu(s) — du(s)),

where

(s), it is sufficient to show that
)(s) < Ha[®]@](s). (3.8)

On, if j=mn,
(@0 [(Dn)myl; = § @5 i j €L,
¢j7 lf] c ]7

Since ¢n(s) < dn(s) for all s € R, it follows from Remark 2.6 that
0 <(cB — an)(ggn(s) — ¢u(s)) + an(s)fn([(i)lqv)lg]S(_CTn))_
¢n(5)fn([(i)|(blg|(¢n){n}]5(_c‘r))~ (3'9)
Moreover, by Mean Value Theorem and (H1), we have

an(s)fn([(i)l(i)l,j’(¢n>{n}]s(_07 ) - n(s)fn(q)s(_CTn>)

)
~0u(3) 32 G650 = ems) = dy(s = em )+

jeIT

buls) 3 O

81:(
jern

&) (i (s — cTuy) — ¢5(s — cTay)) = 0. (3.10)

Then (3.9) and (3.10) imply that Hn[(i)@m](s) — H,(®)(s) > 0 for all s. The

proof is complete. O
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Lemma 3.3. Let ¢ > 0 be fized. Then the operator G : T($,®) — T(®, d) is
compact.

A

Proof. We first show that G(F(fi),i))) F(Cb, ). Suppose ® = (¢1,--+ ,¢n) €
I'(®,d), then Lemma 3.2 implies that & < G(®) < ®. By (3.1) and (3.8) and
direct computations, we have

@ 516 (5) — Gu(®@)(5)]

ds
= [Badn(s) + Ory(s) — Ha(®)(s)]
>efns [@L(ﬁn(g) + (Zﬁ%(s) H ([(i)|(i) D(s) + Hn(@@]g])(‘s) - Hn@))(s)}

>0

for all except finite s. Hence all e®5[g,, (s s) — Gn(®)(s)] are nondecreasing for
any s € R. Similarly, all P3G (®)(s) — ¢, (s)] are also nondecreasing. Hence
G(I(®,3)) C (D, D).

The proof of compactness of operator G is similar to the proof in [23], so we
omit it here. O

4 Existence and Nonexistence for Traveling Wave
Solutions

Before to prove Theorem 1.2, we first provide two important lemmas which play
important roles in estimating the lower bound of wave speeds.

Lemma 4.1. (See [6, Theorem 4].) Let ¢ > 0 and B(-) be a continuous function
such that liril B(z) = B(£o0) < oo. Suppose z(-) is a measurable function
T—r 00

satisfying
cz(x) = ele T A o fT (s B(z) forallx € R,

then z is uniformly continuous and bounded. Moreover, the limits lirf 2(z) =
T—r 00
+

w™ exist and which are real roots of the equation
cw =€+ e ¥+ B(£o0).
Lemma 4.2. Suppose (1.6) has a positive solution satisfying (1.7), then ¢ > 0.

Proof. Let ® = (¢1,---,¢n) be a positive solution of equations (1.6) satisfying
(1.7), then 1tlim ®(t) = 0. Note that f,(0) > 0 and
——00

Fa(@i(=cmn)) = fal@r(t = cTnn)s -, On(E = cTun)).
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The continuity of f, implies that
lim fo(®(—c7y)) = lm fo(o1(t —crpa),- - dn(t — cTpn))
t——o00 t——o00

= fn(tLlIfnoo ¢1(t - CTn,1)> T ’tLiEI})o ng(t - CTmN)) = fn(o)

~

Then there exists a L € R such that f,(®,(—c7,)) > f.(0)/2 for t € (—o0, L)
and 1 <n < N. It’s easy to check that the integrals

/_d);(t)dt,/_ Pn(t — 1) — gu(t)dt and/_ Gu(t+1) = du(t)dt  (4.1)

exist. Since ® satisfies (1.6), by (4.1), the integral

/_ Gn(t) fr(Pi(—cTy))dt (4.2)

also exists, which implies that f_foo On(t)dt converges for all £ € (—o0, j}) Now we

define R, (&) := f_EOO dn(t)dt for all € € (—oo, L). Since each ¢, > 0, then R, (€) is
increasing, R, (&) = ¢,(§) and flim R, (&) = 0. By direct computations, we have
——00

£+l 3 f(0) 3
w0 =dy [ ouit-a, [ o 22 [ oma uy

3 £-1 —oc0
Then, integrating (4.3) over (—oo, L), we obtain that ¢ > 0. The proof is com-
plete. ]

Proof of Theorem 1.2.

(1). Let ¢* := ¢ and § := min{7*, 7}, where ¢ is defined by (A.1), 7 is defined
in Lemma 2.2 and 7* are defined in Lemma 2.5. We assume that ¢ > ¢* and
Ton < 0 for all n. Then the statements in Lemma 2.5 hold. By Lemmas 3.1,
3.3 and the Schauder’s fixed point theorem, (1.6) has a positive solution ®(t) =
(p1(t), -+, on(t)). On the other hand, by Lemma 2.5 again, the upper- and lower
solutions satisfy (1.7). Therefore, it is easy to see that ®(¢) satisfies the conditions
(1.7).

(2). Let ¢, := min{c, | 1 < n < N}, where each ¢, is defined in Lemma
2.3. For ¢ < ¢, we claim that (1.6) has no positive solution (with ¢ as the
parameter) satisfying the conditions of (1.7). Suppose the claim is false, i.e.
there exists a solution of (1.6) satisfying (1.7) with ¢ < ¢,. Without loss of
generality, we may assume that ¢, = ¢;. According to Lemma 4.2, we have ¢ > 0.
Let p(t) := ¢ (t)/p1(t). By the equation (1.6) (with n = 1), we know that

cp(t) = dy (el PO oM 0y 4 p (@ (7)) = 0.
The result of Lemma 4.1 implies the equation
—cA+dile+er—2) + £1(0) =0

has one real root. Thus the definition of ¢; implies that ¢ > ¢; = ¢,, which gives
a contradiction. Hence the claim follows and the proof is complete.
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5 Applications

In this section, we will apply our main theorem to show the existence of traveling
wave solutions for various types of lattice reaction-diffusion systems. For conve-
nience, we use the notation D[w;](t) := u;—1(t) — 2u;(t) + w;11(t) in the sequel of
this section.

5.1 A Delayed Food-Limited Population Model
The discrete food-limited population model with delay can be described by

wi(t)[K — u;(t — 7))
K+ yu;(t —7)

w;(t) = dD[u;)(t) + : (5.1)

wheret € R, i € Z, d, K > 0 and 7,7 > 0.

The simplest version of system (5.1) with d = v = 7 = 0 is the well-known
logistic system with the environmental carrying capacity K. When +y is positive
and d = 7 = 0, the equation

K + yu(t)

(5.2)

was first proposed by Smith [33] as a food-limited mathematical model for pop-
ulation of daphnia magna. Moreover, equation (5.2) can also describe the effect
of environmental toxicants on aquatic populations, see [15]. In the past, there
are many mathematical results for equation (5.2). For examples, the global at-
tractivity of trivial solution was studied in [11,25,26]; the oscillation of positive
solutions, and the global attractivity of the positive equilibrium K with or with-
out delay were investigated in [13,34]. Furthermore, the delayed food-limited
population model incorporating spatial dispersal was studied in [12,31,32].

Recently, the existence of traveling wave solutions for (5.1) was investigated
by Huang, Lu, and Zou [20]. The authors proved the existence of traveling wave
solutions connecting the trivial solution and the positive equilibrium K. However,
by Theorem 1.2, we not only obtain the existence result of traveling wave solutions
as in [20], but also derive the non-existence of traveling wave solutions.

More precisely, let ¢(t) be a traveling wave solution of (5.1) connecting 0 and
K, the profile equation yields

/ K — (b(t _ CT)
) = d((t — 1) — 26(t t+1 t L teR. (5.3
(1) = do(t —1) = 20(0) + 6(t + 1)) + 0(0) o (53)
Then we look for solutions of (5.3) satisfying the following conditions:
tliIEl o(t) =0 and z‘/lim o(t) =K. (5.4)

It is easy to check that the assumptions (HO)~(H3) hold. Hence we obtain the
results stated in Theorem 1.2 for the food-limited population model.
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5.2 Two Species Delayed Lotka-Volterra Ecological Mod-
els

The two species delayed Lotka-Volterra ecological model can be described by the
following system:

ui(t) = diD[w](t) + wi(t) (7”1 —anu(t — 1) + apvi(t — 72)),

ol(t) = daD[v] (£) + vs(8) (r2 — assvilt — 1) + asuslt — 7)), (5:5)

where 1 € Z, t € R, d,,, 7, Gy > 0, 7y, 7, > 0 and aqs, as; # 0.

System (5.5) arises from the study of the interaction between two species
with discrete diffusion or migration when the habitat is of one-dimensional and
divided into niches. According to the signs of parameters a;» and as;, one can
distinguish (5.5) into three types: cooperative, competitive and predator-prey.
Recently, traveling wave solutions for competitive type has been studied in [14,18].

Here we apply Theorem 1.2 to (5.5) for N = 2. Without loss of generality, we
may assuie
ry <1y < 273, (5.6)

a11a92 — Q12021 > O, 1099 + roaqis > 0 and roa11 + rias; > 0. (57)
By direct computations, it is clear that

(k1 ko) = (

1G22 + T2a12 roa11 + T1G91

)
G11022 — Q12021 A11022 — A12021

is the positive equilibrium of (5.5). It’s easy to see that assumptions (H0), (H1)
and (H3) hold. Therefore, we only have to verify assumption (H2). Note that
inequalities in (H2) can be represented as the following form:

ajiky > |aiolks and  agoke > |ag|ky. (5.8)
Then we consider the following four cases:
o Assume ajs > 0 and ag; > 0.
By the formula of (k1, ks) and (5.7), the condition (5.8) hold.
o Assume ajs > 0 and a9 < 0.

By the formula of (k1, ko), the condition (5.8) is equivalent to
—2ag1az9r1 < (a11G22 + a12a21)79. (5.9)
o Assume a;s < 0 and ag; > 0.

By the formula of (kq, k2), the condition (5.8) is equivalent to
—2a11a1979 < (12021 + a11a22)71. (5.10)

o Assume a9 < 0 and as; < 0.

By the formula of (ky, k2), the condition (5.8) is equivalent to (5.9) and (5.10).
Thus, we have the following result immediately.
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Theorem 5.1. Assume (5.6) and (5.7) hold. Then the statements of Theorem
1.2 hold for system (5.5) if one of the following conditions holds:

(1) a12 >0 and agy; > 0;

(2) a1 > 0, asy < 0 and condition (5.9) holds;

(3) aia <0, agy > 0 and condition (5.10) holds;

(4) a1p <0, as; < 0 and conditions (5.9) and (5.10) hold.

5.3 A Discrete Predator-Prey Model with Modified Leslie-
Gower and Holling-Type II Schemes

The discrete predator-prey model with modified Leslie-Gower and Holling-Type
IT schemes can be described by

st i | e — bl — ) a0 (t — 73)

—— = dDu](t) + i(t) [ar — bui(t — 1) Ui(t_71)+71]7 (5.11)

dv;(t) _ , vi(t) |as — czull ) |
= = dDlu (1) + i(t) [as wi(t — %) + 72

wherei € Z,t € R, 11, 79, 71, 72 > 0 and all parameters dy, ds, a1, as, a1, ao, 1, Y2, 0
are positive. System (5.11) can be regarded as the discrete version of the system

O(l'U(.fU,t - 7-2) ]

Ut(ilf,t) = dluxr($vt) + u(.flﬁ',t) |:CL1 o bu(:v,t N 7_1) B u(.ﬁC t T ) + Y
y U 11 1

au(z,t — 1) (5.12)
1) = dove (2, ) +v(x, ) [ag — ———— L]
vy, t) 2V (1, 8) + (2, 1) [as W t—7) T
If di = dy = 0, then the ODE system
d
—u:u(al—bu— Qv ),
dt U+ (5 13)
dv ( ) ’
— =w(ay — :
dt 2 U+ Yo

was first introduced by [1]. The authors of [1] studied the boundedness of solu-
tions, existence of an attracting set and global stability of the coexisting interior
equilibrium. Later, Zhou [38] considered the steady-state solutions of (5.12) for
bounded domain €2 with a smooth boundary.

To apply our main result to system (5.11), we assume
dlzdgzd,alzagza,%:%:l (514)

and denote ) )
aty — atyy Aoy — a“og —|—aba2)

(]{31, ]{52) = (

bay ba
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One can easily verify that assumptions (HO)~(H3) hold if and only if

Qg > O, 0[1]'6'2 < b, Oélkfg(k'l + 1) < a(l — %) and k’l < 1. (515)
Qi

In fact, the condition (5.15) holds when ay and b are large and « is small. Thus,
we have the following result immediately.

Theorem 5.2. Assume (5.14) holds. If ay is small and as,b are large enough
such that (5.15) holds, then the statements of Theorem 1.2 hold for system (5.11).

5.4 One Predator-Two Preys Model with Holling-Type 11
Response and Diffusion

Finally, we provide a one predator-two preys model with Holling-type II response
and diffusion to illustrate our main result. The model is described as follows

( di(t) nzi(t — 73)

e diDa)(t) + 2i(t) [by — 25(t — 1) — ayi(t — 72) — T 71)}’
B — DY) + (0o — e~ 7) = (0~ 7) — o],
dzi(t) dnz;(t —71) dnyi(t — 72) -
—5 = daD[a](t) + z(0) [ba + 5 Ty e S S i vt — 7)),

\

where 1 € Z, t € R and all parameters d;, d, b;, a, B, v, w; are all nonnegative.

Ifb3 <0, w =ws3, wy=wy and dy = --- = dg = v = 0, the dynamics of the
following ODE system

( dx(t) )
= x(t) [bl —a(t) —ay(t) - 1‘|‘W—1fﬂ(t)}7
di—it) = y(t)[by — B(t) — y(t) - %]’ 10
dz(t) dna(t) D0
o = A Olbs+ w(t) 1+ wzy(tﬂ,

\

have been considered in [35]. To apply Theorem 1.2 to (5.16), we assume by, by
and bz are positive numbers,

{Illa2X3{bi} <2 Er%i%l?){bi}, a=B=wy=ws =0, d* =1 and /7 > max{w;,ws}.
- 7 (5.18)
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Then system (5.16) can be rewritten as the form

(45 pta =it~ 52
d@/;it) = &2 D[y (1) + yi(t) [bs =yt = ) — 1 335;@%—3)@)]’ (5.19)
dz;it) = d3D[zi](t) + 2:(t) [bs + 2 (t — 71) /0 + yi(t — 72) /0 — vzt — 7)),

\

To find the positive equilibrium of (5.19) is equivalent to find the positive solution
of the following system

yby — nbs + (ywiby — v — 1)z — ywi12? =y,
Yoy — nbs + (Ywaby — v — 1)y — yway® = x, (5.20)
bs +x/n+y/n=1z

Under the assumptions

biwiy —v—1, bowyy—7v—1>0, (5.21)

[chuQ’y—’y— 14/ (baway — v — 1)2 + dryws (yby — nbg)] /2qws < vby —nbs, (5.22)

[b1w17—7—1+\/(b1w1’y — 7 = 1)2 4+ dyw; (yby — nbg)] [2ywy < vby—nbs, (5.23)

it is easy to check that (5.20) has a unique positive solution. Note that (5.21),
(5.22) and (5.23) hold for large v, w; and ws, since

lim vb; — nbs = lim by — nbz = 00, (5.24)
Y—00 ~Y—00
lim by —v—1= lim byw;y —v—1=o00, (5.25)
’Y,UJ]_*)OO ’Y,(.Uz*)OO
b —v-1 b —v—1)2+4 by — nb
i 2227 =7 =1V (bay =7~ D24 ey —bs) o
Y,w2—00 2vws
b —v—-1 b —y—1)2+4 by —nb
T U et + V/(brwry — 7 = 1)% + dywi (vbs — nbs) — b (5.27)
¥,w1—+00 2yw

In other words, if v, wy and wy are large enough, then (HO) holds. Furthermore,
one can verify that (H1) and (H2) also hold for large «y, w; and ws. In conclusion,
if 7, wy and wy are large enough and (5.18) is true, then (HO)~(H3) hold. Thus,
we have the following result.

Theorem 5.3. Assume (5.18) holds. If v, w1 and we are large enough, then the
statement of Theorem 1.2 holds for system (5.16).
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A Appendix

In this appendix, we will prove the result of Lemma 2.5. Let’s recall that A, 1,
An2, Cn, Co and By, ---, By are the numbers defined in Lemma 2.3, Lemma 2.4
and Lemma 2.2 respectively. Then we define the number ¢ by

¢ :=max{cy, - ,cN,Co}- (A1)

For any fixed ¢ > ¢, we further introduce two numbers 1 and s which satisfy

A2 Ani + Am
1<77<min{ 2 An1t ngn,mgN}gz; (A.2)
)\n,l >\n,1
N .
K € nQI (/\n,h 12}1%1]\[{)\”’1 -+ >\j,17 >\n,2})- (A?))

Note that # is well-defined by Lemma 2.4. Let ®(s) = (é1(s), -+, dn(s)) and
B(s) = (d1(s ), ., én(s)) be the functions defined by (2.18) and (2 19) respec-
tively. If ¢,,4, € R are fixed, then it is easy to see that (®(s), ®(s)) satisfies
(1.7) for any v > 0. To show that (®(s), ®(s)) is a pair of upper-lower solution of
(1.6) and e®(¢,(t) — ¢n(t)) is nondecreasing in ¢, we first provide the following
lemma.

Lemma A.1. For any fized n, there exist positive numbers (1, -+ , (o N, L such
that

Ofn(X) 9 fn(X) —0fu(X)
axn knCn,n + Z 8 k an Z a—%k Cn] - n (A4)

jerg jel
for all 0 <= X < 3K, where the positive constants ¢, € (0,1), ¢, ; € (1,00) for
Jj#mn,
It = {j #nl0f,/0x; > 0} and I, :={j # n|0f./0x; < 0}.

Proof. Since [0,3K] is compact and df,,/0z; is continuous for any 1 < n,j < N,
(H1) and (H2) imply that

0 < max {(Z 8];)1;)()]{) - Z afg(X)kJ)/( - ag(X) k")} <L

0<X=<3K T T,
jer J jel; J

Then there exists a rational number ps/p; > 1 with py, po > 0 such that

2 Ofn(X Ofn(X Ofn
0B e (3 %5 P = 30 P ) (- )y <1

P1
jelt J jEI;

Moreover, for any r € (py, p2), we have

Ol X)) p1 3 OfnlX) ) P2 3 X)) Py

oz, r ox; ox;
jely JE€Lw
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Let

G = p/r, if j=n,

W po/r, i #n,
by the continuity of each 0f,/0z; and the compactness of [0,3K]| again, the
assertion of the lemma follows. m

According to the above lemma, we will choose the parameters ¢, m,,, 5,, o, v,

~

tn, tn, 7" suitably in the sequel.

A.1 The choice of ¢ and m,,

For any ¢ > 0 and 1 < n < N, we define two functions as follows

P g(t) := 1t — gem 1t and hy, o(t) := et 4 g, e,

By direct computations, one can verify that ﬁn,q(tv;q) = 0 and h,, ,(t) has a unique

global maximum m,, , at t = t,, ;, where

1.1 1 . 1 1. . 1 1
Mg = (1——=)(—)"1, thy=———I(—), t, ,-=————In-.
0= 77>(q77) T Apa(n—1) (qn) T Aan—1) g

Moreover, one can also verify that there are real numbers %, , and f;‘%q such that

~

hig(fg) = kn and T, (£ ) = 3k,

It is clear that

lim ¢, , = lim & = lim ¢,, = lim ¥ = —c0. Ab
q—00 4 g—oo M1 oo A gq—oo 4 ( )

By (A.5), we have the following lemma.

Lemma A.2. There exists a positive constant ¢ > 1 such that if ¢ > q* then the
following inequalities hold:

(1) &, +cth +c<0;

(2) gAn(nAn, c)eMnit 4 Mernt[erntt 4 57 (Xt 4 ghjert)] <0, fort < ;
Jjely
(3) gAn(k,c)knett + M(er 1t + gk,e) Z+e)‘jv1t <0, fort < f:’q,
jel"l/
where 1 <n < N and M is a constant defined by

M := max max |0f,(X)/0x;].

1<n,j<N 0<X=<3K
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Proof. (1) By (A.5), it is easy to see that the result holds if ¢ is large enough.

(2) By (A.2) and part (1) of Lemma 2.3, we have ¢A,,(n\,1,¢) < 0. Then, it
follows from (A.2) and (A.3) that

A1 < min{2A, 1, A1 + A1, Ant + A, A + K

Therefore, there exists a T' < 0 such that if ¢ < T then

G0 (An1, €)Mt Mt [t 4 N (ednh o ghe)] < 0.

JEln

By (A.5), if ¢ is large enough, we have f;‘;ﬂ < T for all 1 <n < N. The proof is
complete.

(3) The assertion of this part follows by the same arguments as the proof of
part (2). Hence we skip the details. O

Hereinafter, we always assume ¢ and m,, be the numbers satisfying the fol-
lowing condition:

(N1) ¢ > ¢" and my, := m,,,.

A.2 The choice of 5, and o

Lemma A.3. For any fized q > q*, there are positive numbers 51, -+, B and
c* > 0 such that
ﬁn + /\n,l e)‘ml{nvq + (ﬁn + FL)QQ,{{,W >1— (kn - mn/g)(ﬁn - 7)

kB Bn knBn
for B, > Bk, 0> 0" and v € (0,1).
Proof. Since q is fixed, we have

(kn —mu/o)(By — )

li =1, f 1).

i T , for any v € (0,1)
Note that the above convergence is uniform with respect to v € (0, 1). Therefore,
one can easily obtain the assertion. The proof is complete. O
According to Lemma A.1 and Lemma A.3, we also let £;,---, 8y and o be

fixed numbers which satisfy the following condition:

(N2) g, > max{3}, Bn} and
mq my mq my }

kT hy k(T =Ga) k(1= Cuw)

o> max{l,a*,
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A.3 The choice of v, t, and %,

To choose the parameters v, t, and t,, we consider the following two functions
G () = ki = (k= 2)e ™ and oy (1) = Ky + ke
o

Some properties of g, - (t) and g, ~(t) can be characterized in the following lemma.

Lemma A.4. There is a positive number v* < 1 such that the following inequal-
ities hold for v € (0,7*) and 1 <n < N.

(1) mu/(20) < G (t) < my /o, for all t € [t,4,t5 ]

n,q> "n,ql

(2) kn < Gno(t) < 3kn, for all t € [t q, 15 ];

n,q» n,q nq?t ]7

)
(3) Apieit + ghyre® — y(k, — my/o)e™ " for any t € [t T ] Ut
) —(kn — Z2)(cy + dne” — 2dy, + dpe™) + dn ()L, /2 > 0 for all n;
(5) ey+dy(e” —2+€e7) —k,L,/2 <0 for all n.

Proof. The assertions of parts (4) and (5) are easy to see, therefore we only prove
the results of parts (1)-(3).

(1) Since ~ is positive, by part (1) of Lemma A.2, it is clear that
ko — (kn — myfo)e ™0 < G, (v,1) < by — (ky — my/o)e e <m, /o

for all ¢ € [ty L5 ), which implies that g,(v,t) < m,/o for any ¢ € [Engs T q)-

Since the interval [, 4, | is compact and §,(0,t) = m, /o > m,/(20) on this

n,g» “n ,q
interval, one can verify that

Jn(t) >m,/(20), for small v € (0,71) and any ¢ € [, 15 .

.45 "n,q
Hence proof of this part is complete.
(2) The proof is similar to that of part (1) and we skip it here.
(3) Note that for any fixed ¢, the interval [, ] U [t 0] is bounded.

nq7
Then it is easy to see that the function \,je* '’ + gk,re™ is positive and the
function (k, — m,/o)e™ " is bounded on this interval. Therefore, if 7 is small

enough, then assertion follows obviously. The proof is complete. O

By part (1) of Lemma A.4, for any v € (0,7*), we have

gnﬁ(fn,q) hn q( ) =0n ’Y( ) my, < gnn(fn,q) —my/o <0,
gn77(£jz,q) — hy q( ) =0n ’Y( ) > 0.

Thus, by Intermediate Value Theorem, one can see that graphs of functions g, ,(t)
and h,, ,(t) intersect in the interval (£, ). Similarly, by part (2) of Lemma

n,qg» 'n, ,q
A4, we also can obtam that graphs of functions g, ,(t) and hy, 4(t) intersect in
the interval ( n.q> b q) Therefore, in the sequel, we assume the parameters v, t,

and %, satisfying the following assumption:
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A.4 The choice of ™

According to the assumptions (N1)-(N3), we can represent the functions &(t)
and ®(t) (see (2.18), (2.19) and Figure ??) by the following equivalent forms:

On(t) = max{eM 1t — ge™mit ko — (k, — ), (A.6)
g

¢n(t) = min{e " + ghkne™, k, + k,e "} (A.7)

By the continuity of functions ®(¢) and ®(t), one can easily see that there exists
a 7" > 0 such that the following result holds.

Lemma A.5. There ezists a 7 € (0,1) such that if 7., < 7" for 1 < n < N,
then the following assertions hold:

(1) e=rmmn > (,p for all 1 <n < Nj
(2) |<ﬁn(t — CTon) — én(tn)\ < Lp/(2M) for allt € [tn,tn + CTun);
(3) |dn(t — ¢Tom) — Onltn)| < Ln/(2M) for all t € [by, tn + cTn)-

By the assumptions of (N1)-(N3), if 0 < 7 < 7%, we are now ready to show
the results of Lemma 2.5.

A.5 Proof of Lemma 2.5.

Let’s prove the results of Lemma 2.5 by checking the following statements:
(1) ¢n(t) > du(t) for all ¢t € R;
(2) €% (n(t) — dn(t)) is nondecreasing in t;
(3) edl,(t) < dul(dn)(t) + Gul(t) fu (21D Te(—eT));
(4) di() = dul(ba)(t) + (D) ([B1F (=),
To check the inequality of (1), we consider the following four cases:
(1-1) t < min{t,, t,}; (1-2) t > max{t,, t,};

(1-3) t € (tn,t,) and t, < t,; (1-4) t € (tn,1,) and t, < L,,.
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All the cases (1-1)—(1-4) can be checked by elementary computations. To avoid
tedious computations, here we only consider the case (1-4). According to Figure
7?7, we only have to show that

Fo(t) = ™' 4 ghne™ + (K, —’%) e —ky >0

for t € (tn,t,) and 1 <n < N. By (N3), it is clear that

My

Fo(t,) =1t 4 gk, et — [kn — (k, — —)eﬂt"]
o
ettt gk, et — [e’\"’lt" — qe"’\"*lt”] > 0. (A.8)

Moreover, by part (3) of Lemma A.4 and (IN3), we have

F/(t) = Mpae 1t + grkne™ — y(k, — %)e_w > 0. (A.9)

o

Then it follows from (A.8) and (A.9) that F(t) > 0 for all ¢ € (t,,,). Hence the
assertion of (1) follows.

Next, we check the statement of (2) by considering the following four cases:
(2-1) t < min{t,, 1, }; (2-2) t > max{t,,,};
(2-3) t € (t,t,) and £, < t,; (2-4) t € (t,,t,) and t,, < £,.

To avoid tedious computations, we also only consider the case (2-4). For conve-
nience, we set

Eo(t) := P (n(t) — du(t)), for all t € (£, 1)

By (N3) and the result of part (1) of Lemma A.2, we have , < 0 for all 1 <n <
N. Since £, < 0, Lemma A.3 implies that

EL(t) =™ [(By + Aap)eM ! + (Bn + K)qhne™ — kB + (kn — —)(Bn — 7)e "]

> (B + Ana)e + (Bn + K)qkne™ — kyBy + (ki —

for t € (t,,t,). Therefore e’ (¢,(t) — ¢n(t)) is nondecreasing in t.
To cheek the inequality of case (3), we consider the following two cases :
(3-1)t<t, and (3-2)t>t,.
For case (3-1), by (2.18) and (2.19), we know that
L (60) (1) + Gu () fu (21 ]i(—cT)) — e, (1)

—d, ( An,1(t—1) qen,\n,l(tﬂ)) . 2dn(e’\"*1t qe”’\" 1t) +d, ( An,1(t+1) qu])\n,l(t+1))_|_
() fa ([®] (—cmn)) — cAp (et — gnem1t)

—cbn )Ja ([P Je(—eTa) = fu(0)) — qAu(nAn, )™, (A.10)

27



Then, applying the Mean Value Theorem, we have
() (fal (@1 Ji(—cT2)) = [(0))

=o)L - e + 3 Ot )aﬁ; J+ 3 af@ Byt — cmu)].
jernt jely
>0, >[ Ll gt = cr) + 3 5%( )]
> — ”1t ettt Z gt jj;k et } (A.11)
jely
where M is the number defined in Lemma A.2 and &;,--- , &y € RY are vectors

which depend on ¢. Note that ¢, < ,,. By the equations (A.10), (A.11) and the
result of part (2) of Lemma A.2, we obtain

_ngiz(t) + dnﬁ(én)(t) + an@)fn([i)ﬁ)[;]t(_CTn)) >0,
i.e. inequality (2.1) holds for ¢t < t,,.
For case (3-2), by (2.18) and (2.19) again, we obtain that

AnL(60) () + n (1) n<[<i>|<i> 1 (=em)) = bl (1)
>dy, (kn — (kn — Y —2d,, (ky — (kn — 7)e—mf)Jr
n (ko = (kn = =)D 4 6 (8) £ (81 Ju(—ems)) = ey(ky — =)

— (k, — 7”)6 ey + dpeY — 2d, + dpe”) + qﬁn(t)fn([fﬁ@m]t(—cm)).
(A.12)

Ty
=1

Since f,(K) =0 forall 1 <n < N, by (A.6), (A.7) and Mean Value Theorem
again, we have

Fu([1®]i(—eT))

8 n\Sn 0 n\Sj/) /1
.];1(;6 >(¢n( — CT, n,n) - kn) + ; fax(fj) (¢J(t - CTn,j) - k])+
Oful€;
> 28 4y - e~ 1y
ety
a n _a n —y(t—cr,
R I e
J€EIn
8fn (€ ) —y(t—cTn,j)
Jezlz axjj g (A1

We further consider two sub-cases:
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(3-2-1) t, <t <t,+cTh, and (3-2-2)t>t,+ cTpn.
For case (3-2-1), by the part (2) of Lemma A.5, we have
|Gt — cTun) — Su(tn)| < Ln/(2M). (A.14)

Then, by (A.14), part (1) of Lemma A.2, Lemma A.1, the definition of ¢ and
equation (A.13), one can see that

fu([®1@ 4 Je(—cT2))

> vt J ’YC’Tn o J T INYCTR |
Z€ Z axj kj Z OI]' (k] o )6 ]
jely JELy
i [Ofn(&n) (b 0fn(&n) L
vt _ Y(tn—t)
© ox,, (o o )6 } oz, 2M
_ (9fn(€ Afn(&;)
vt _TINAS) 'ycq—n j ZINAS) ) ’VCTn i
2 3= + 3 gt e -
]Gl;f Jjely
_ _afn(gn) My -
vt _ o vt
e S = )| = Laf22 e L2 (A.15)

Combining the equations (A.12), (A.15), part (4) of Lemma A.4 and the inequal-

ity
On(t) > d(tn) = kn — (kp — )M for ¢ > t,, (A.16)

o
we obtain

- Cé:ﬂb(t) + dnﬁ((in)@) + én@)fn([(i)’qa)];]t(_m'n))
> — e [(k, — %)(m +dpe? = 2d, + dpe ™) = Gu(En) Lo /2] > 0.
For the case (3-2-2), by (A.13), it is easy to check that
Fa([@]@ - )(—eT)) = e L. (A.17)

Similarly, combining the inequalities (A.12), (A.16), (A.17) and result of part (4)
of Lemma A.4, we can also show that

—CQE%(t) + dnﬁ(&n)@) + an(t)fn([ci)ﬁ)[;]t(_CTn)) Z 0

for t > t, + cTp .

Finally, let’s check the inequality of (4). Similarly, we also consider the fol-
lowing two cases:

(4-1)t <t, and (4-2)t>1,.
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For case (4-1), by (2.7) and direct computations, we have
= @, (1) + duL(D0) (1) + Gu() [l (DD ]e(—eT))
<d |: An,1(t—1) +l€ qe K(t— 1)+€/\n1t+1 +k qeﬁ(tJrl) 2(€An’lt+knqeﬂt)]+
6n() Ful[21D 1 Je(—eTa)) = (A + kugre™)
=qhnAn(r, )™ + () (fu([01; Ji(—cTn)) — fa(0))- (A.18)

Applying the Mean Value Theorem and using (A.7), we can derive

A afn(én) 8fn 5]
Fal[212; (=) = fa(0) <=5 26u(t - +ZI+ o, Ot = emg)
jE
afn(ﬁn) 1(t CTnn afn £ jl t CTn ])
— Oz, +§ 83:]] *

afn & e~ hCTn,n afn £j —KCTp,j Kt
[a:f:n) Y e e

(A.19)

Moreover, by part (1) of Lemma A.5, we have

afn(sn) e~ HRCTn, n_}_z afn(sj)k,e—ncm,j < afn(sn) kne—ncm,n_f_z afg{isj)k

oz, et ox; 7 oz,
(A.20)

Then, by (H1), (A.19) and (A.20), we know that
Fa[@)®)-]i(—cmn)) — fa(0) < M Z ettt (A.21)

jely
Hence, by this inequalities (A.18), (A.21) and result of part (3) of Lemma A.2,
we obtain
= @, () + du () () + Gn(t) fu (81D e (—cT2))
<qA (K, C)kpe™ 4+ M (e 4 gh,e™) Ze)‘j’lt <0.
jent
Therefore, the inequality (2.2) holds for ¢ < ,,.
Next, we consider the case (4-2). By (2.18) and (2.19) again, we have

— @ (t) + dnL(bn)(£) + Gu(t) fu ([‘f@ ~Ji(=cm))
<eMhnley + du(€) = 24 €] + du(6) fu([D1D,Ji(—cT)). (A.22)



Since f,(K) =0 for all 1 <n < N, by Mean Value Theorem again, we can also
obtain the following inequality

Fa([@1®; Je(—cTa))

afn(gn) (an( - n,n Z fn CTn,j) - kn)+
JEI+
Ofn
2. faa(:€ )(¢J(t = CToj) = k)
jer, 7
0 n\sn 7 -t 9 n\Sj YCTp, i
< J;if )(%(t—crn,n) —kn) +e7 ;J;—Sj)kje T
JE€EIn
a n\Sj CT,
s
JEIn ’

Similarly, we consider the following two sub-cases:
(4-2-1) t, <t <t,+crp, and (4-2-2)t > 1, + cTpp.

For case (4-2-1), by part (3) of Lemma A.5, we have

~

|Q§n(t = CTpn) — ¢n(£n)| < Ly/(2M).
Furthermore, the result of part (1) of Lemma A.2 and equation (A.23) imply that

Fa([@10 ] (—c70))
Se*'yt |: Z afn(gn J)k YeTn,j Z 8fn<£n7j)/{7j€’ym-"’j + 8fn(£n) knef'y(fnft)} +

e 0z s Oz, oz,
ox, 2M
vyt ,J YCTn,j 5J 'yC‘rn j -n
<e [—Ehn kS e +Z—k ]+2
GEIT jel,
<e (=Lp+ Ln/2) = —e "L, /2. (A.24)

Therefore, combining the equations (A.22) and (A.24), the part (5) of Lemma
A .4 and the fact

Gn(t) > ky, for all t > £, (A.25)

we have

— @l () + du L) (t) + Gu(t) fu([R|D)-]e(—cT0))
<e "k, (ny +d, (e =24+¢€77) — k’nLn/Q) <0.
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For case (4-2-2), by (A.23), we see that

fn([(i)@lg]t(_cﬂm))
_ 0fn(&;) —0fn(§))
~t YCTn,j _ ZIn\Sy /) YCTn,j —t
<e [ Z o, kje + Z oz, kje ] < —Lpe . (A.26)
jerfu{n} jely

Therefore, by (A.22), (A.25), (A.26) and the part (5) of Lemma A.4, we have

— @, () + du () () + u() [ (91D ]: ( CTn))
<e Mk (cy +dp(e? —2+e€77) — k,Ly,)

|/\ 3

The proof is complete.
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